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Abstract 

In this paper we prove a version of curved Koszul duality for Z/2Z- 
graded curved (dg) (co)algebras. A curved version of the homological 
perturbation lemma is also obtained as a useful technical tool for study- 
ing curved (co)algebras and precomplexes. 

The results of Koszul duality can be applied to study the dg cat- 
egory of matrix factorizations MF(R, W). We show how Dyckerhoff's 
generating results fit into the framework of curved Koszul duality the- 
ory. One immediate application is the construction of a free dg algebra 
model for M F(R, W) . As another application we clarify the relationship 
between the Borel-Moore Hochschild homology of curved (co)algebras 
and the ordinary Hochschild homology of the category MF(R, VV). 

The same methods can also be used to study the dg category of 
equivariant or graded matrix factorizations. Both the Koszul duality 
property and its applications are generalized to include these cases as 
well. In particular we obtain an explicit set of (classical) generators 
for these categories. Our results in the graded case are closely related 
to Seidel's work on the derived category of coherent sheaves on Calabi- 
Yau hypersurfaces via the CY/LG correspondence. 
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1. Introduction 

1.1. Motivation. Let R be a finitely generated commutative regular local 
ring over a ground field k and let W be an element in R. The data of the pair 
(R, W) is called a Landau-Ginzburg (LG) model following the terminology 
from physics. To the data of a LG model, we can associate a differential 
graded (dg) category MF(R, W) consisting of matrix factorizations of finite 
rank (see Section [5] for details). Its homotopy category [MF(R, W)] is called 
the derived category of matrix factorizations. (For a dg category Si we 
denote by [S\ its homotopy category.) 

Matrix factorizations were first introduced by Eisenbud [6] in the study 
of singularity theory. More recently matrix factorizations also appeared as 
boundary conditions for B-branes in LG models in topological string the- 
ory. In view of mirror symmetry matrix factorizations are mirror dual of 
Lagrangians in toric manifolds. The category of graded version of matrix fac- 
torizations is intimately related to the derived category of coherent sheaves 
on projective hypersurfaces as demonstrated by Orlov [10]. By Costello's 
construction [2] the dg category of matrix factorizations and their Hochschild 
chain complexes give rise to an interesting class of open-closed topological 
conformal field theories. It is an interesting and difficult question to carry 
out explicit computations for his constructions. 

1.2. The following fundamental results concerning the structure of the dg 
category MF(R, W) were obtained by Dyckerhoff [5] under the assumption 
that W has isolated singularities: 

— [MF(R, W)] is classically generated by a single object k stab ; 

— The dg algebra A := End MF(R)W) (k stab ) is a model for MF(R,W); 

— We have HH*(MF(R, W)) = Jac(W)[dim R]. 

The notions of classical generators for a triangulated category is recalled in 
Section [2j For a dg algebra A and a dg category Q) we say that A is a dg 
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algebra model for Q if a certain completion of the category [@] is equivalent 
to the derived category of perfect dg A-modules. We refer to [5] for more 
details. Finally Jac(W) denotes the Jacobian ring of W, i.e., the quotient of 
R by the ideal generated by the partial derivatives of W. 

1.3. To a LG model (R, W) we can also associate a curved algebra Rw Then 
the category MF(R, W) can be identified with the dg category of twisted 
complexes of finite rank over the curved algebra Rw (see Section [2] for de- 
tails). We denote the latter category by Tw b (Rw) where the superscript 
"b" is to indicate finite rank. The category of twisted complexes of possibly 
infinite rank will be denoted by Tw(Rw) which sometimes is also denoted 
by MF°°(R,W). 

1.4. If the algebra Rw were not curved a result of Keller [7j would show 
that 

HH*(R W ) =HH*(MF(R,W)). 

A natural question is whether this isomorphism remains true in the presence 
of curvature. Unfortunately the answer to this question is negative. In fact 
it was shown in 0] that HH*(Rw) is always trivial for W^O. 

Following ideas of Segal [H], Caldararu and the author [4] introduced 
a modification of the Hochschild chain complex of the curved algebra Rw 
This modified complex is called the Borel-Moore Hochschild chain complex 
using an analogy with the Borel-Moore complex in algebraic topology. In 
this modification we take the space of chains to consist of direct products 
of homogeneous chains, instead of the direct sum in the classical definition. 
The homology of the Borel-Moore Hochschild chain complex was studied 
in [1] where an explicit calculation showed that 

HH^ M (R W ) = Jac(W)[dim R]. 

Note that here the ring R does not have to be local. 

1.5. The main goal of the current paper is to understand all the results 
mentioned above from the perspective of Koszul duality. In particular this 
point of view allows us to relate HH^ M (R W ) and HH*(MF(R, W)) directly, 
without computing both sides. As another application of Koszul duality we 
generalize the results of Dyckerhoff mentioned above to both the orbifold 
case and the graded case. The following is a more precise formulation of our 
main results. 
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1.6. Koszul duality. For an important technical reason we need to dualize 
and consider curved coalgebras instead of curved algebras. The main exam- 
ple of interest to us is the symmetric coalgebra C := sym(V) on a vector 
space V over the ground field k. The curvature is given by a k-linear map 
M : C — > k. We assume that M vanishes on scalar and linear terms. To 
this data we can associate a curved coalgebra denoted by Cm- One can also 
define dg categories Tw b (Cjvi) and Tw(Cm) of twisted complexes over Cm 
whose objects are called matrix cofactorizations. (These constructions are 
explained in detail in Section [2]) . 

The k-linear dual of a curved coalgebra Cm is a curved algebra. For 
example the dual of the symmetric coalgebra sym(V) is the commutative 
algebra R := sym(V v ) of formal power series on V expanded at the origin. 
The dual of the map M : C — > k defines a map W : k — > R which gives the 
curvature element W 6 R (the image of 1 G k). 

1.7. Let Cm be a curved coalgebra as above and let Ryv be its dual curved al- 
gebra. Then the categories Tw b (C M ) and Tw b (R w ) = MF(R, W) are related 
by an equivalence of dg categories 

D : Tw b (C M )° p -> Tw b (R w ) = MF(R, W) 

where the functor D is simply the k-linear dualizing operation (for more 
details see Lemma 12. 7p . Note that this operation does not extend to an 
equivalence on infinite rank objects. 

1.8. Koszul duality for (curved) coalgebras exhibits a homotopy equivalence 
between the categories of twisted complexes over a (curved) coalgebra and 
those over the associated cobar algebra. In this context the theory was 
developed by Positselski |13| . Note that the classical Koszulness assumption 
is not necessary here. 

For a (coaugmented) curved coalgebra Bm, we can define the associated 
cobar dg algebra O(Bm) and two natural dg functors 

<D : Tw(Bm) -> Tw(0(B M )) and W : Tw(0(B M )) -» Tw(B M ) 

between the two categories of twisted complexes (of possibly infinite rank). 
Both the cobar construction and the definitions for functors O , W are recalled 
in Section [2] where we also prove the following theorem. 

1.9. Theorem. Let Bm be a coaugmented curved coalgebra and let O(Bm) 
be its cobar dg algebra. Then the functors O and W are inverse homotopy 
equivalences of dg categories 

Tw(Bm) =Tw(0(B M )). 
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If furthermore the coalgebra B is conilpotent, then the dg algebra O(Bjvi) 
itself is a compact generator for [Tw(£1(Bm))] and ^(OfBjyi)) is a compact 
generator for [Tw(Bjvi)]- 

Remark: The above theorem is essentially a special case of results in [13] 
where much more general Koszul duality type theorems are obtained by 
Positselski. Our proof is simpler and more direct, which results from an 
interesting technique for studying curved (co) algebra and precomplexes — a 
curved version of the homological perturbation lemma. The main statement 
of this lemma is the following. Details can be found in the Appendix [XI 

1.10. Lemma. Let (i,p, H) be a special homotopy retraction data between 

two complexes (L, b) (M, d). Let 8 be a small curved perturbation of 
(M, d). Then there exists a perturbed homotopy retraction data (ii ,pi , Hi ) 
between the perturbed precomplexes. 

1.11. Dyckerhoff's results in view of Koszul duality. We specialize to 
the curved (co) algebra in (jl.6p . and we will keep these notations until (|1.17p . 
As symmetric coalgebras are conilpotent, all results in Theorem 11.91 apply 
to this case. The theorem below shows that Dyckerhoff's compact generator 
k stab comes from Koszul duality. Note that for this identification we do not 
need to assume that W has isolated singularities. 

1.12. Theorem. The object W{C1{Cm)) is homotopic to a finite rank object 
in Tw b (C)vi) which we will still denote by V(Q(C]vi))- Hence its k-iinear duai 
makes sense and can be identified by a homotopy equivalence 

DY(Q(C M )) = k stab . 

Moreover the dg algebra Q(Cjvi) is homotopic to A op where A is the dg 
algebra model constructed by Dyckerhoff. 

1.13. It does not follow from the above theorem that k stab classically gener- 
ates [MF(R, W)]. Indeed it follows from Theorem [L9] that ^(0(C M )) always 
classically generates the full compact subcategory of Tw(Cjvi), but the sub- 
category [Tw b (C/vi)] might not be a compact subcategory of [Tw(Cm)] for 
general W. See Section [3] for details. 

1.14. Theorem. The following statements are equivalent: 

(a) W has isolated singularities; 

(b) k stab classically generates [MF(R, W)]; 

(c) [Tw b (Cjvi)] is a compact subcategory of [Tw(Civi)]. 
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Remark: It follows from Theorems 11.121 and 11.141 that the dg algebra 
n.(QvO can be taken as a dg algebra model for MF(R, W) when W has 
isolated singularities. The advantage of our dg algebra model Q(Cjvi) is 
that it is a free dg algebra. The associated minimal model Aoo algebra of it 
is studied in Section [H 

1.15. Hochschild homology. We can also use Koszul duality to clarify 
the relationship between the Borel- Moore Hochschild homology of the curved 
algebra R\v and the ordinary Hochschild homology of MF(R, W). The results 
are summarized in the following theorem. 

1.16. Theorem. Assume that W has isolated singularities. Then there are 
natural isomorphisms: 

HH*(MF(R,W)) =HH,(Tw b (C M )) = HH,(C M ); 
HH, BM (R W ) = HH,(C M ) V . 

Remark: It is an interesting puzzle to understand why in the second iso- 
morphism the Borel-Moore Hochschild homology is naturally the dual of 
the Hochschild homology of MF(R, W). This might be explained by a rela- 
tionship between Koszul duality and a natural pairing (generalized Mukai- 
pairing) on the Hochschild homology. 

1.17. LG Orbifolds. In Section O we present a generalization of Theo- 
rem 11.91 and its applications to the study of LG orbifolds. The main ideas 
remain the same. We will work over the field of complex numbers C as we 
need to consider characters of groups. 

Consider a LG model (R, W) with a finite abelian group G acting on it. 
This means that G acts on the algebra R while preserving the function W. In 
this situation, one can consider the dg category of equivariant matrix factor- 
izations. Loosely speaking, objects are matrix factorizations with G-actions 
and all morphisms are required to be G-equivariant. One can think of this 
category as the category of sheaves on a hypothetical orbifold [Spec(Rw)/G]. 
We denote this category by Tw b ([Rw/G]) or MF^ (R, W). The main results 
proved in Section [6] are summarized in the following theorem. 

1.18. Theorem. Assume that W has isolated singularities. Then we have 
— The category [Tw b ([R\y/G])] or [MFg(R, W)] is classically generated by 

jk stab <g> C x | x Is a character for the group G j 

where C x denotes the one dimensional representation associated to the 
character x- 
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— The smash product dg algebra Q(Cm.)|G is a model for MFg(R, W). 

— For the Hochschild homology we have 

HH*(MF G (R, W)) =HH,(Tw b (tC M /G])) = HH»(C M ttG); 
HH BM (R W »G) = HH,(C M tlG) v . 

Remark: In H] the vector space HH BM (Rw/JJG) was explicitly computed as 
HH BM (R W |1G) = (e geG HH BM (R w |g)) G 

where Rwlg denotes the curved algebra associated to the LG model on the g- 
fixed points of Spec(R). The commutative ring involved here is the quotient 
of R by the ideal generated by elements of the form f— g(f) and the curvature 
is the image of W in this quotient ring. 

1.19. Graded matrix factorizations. We still work over the field k = C. 
Let C := sym(V) be the symmetric coalgebra and let M : C — > k be a dual 
potential. This time we consider M to be homogeneous of degree d and 
assume that d > 2. The Z-graded dual algebra of C is the (non-complete) 
symmetric algebra S := sym(V v ) with the ordinary polynomial grading. The 
curvature W = M v is homogeneous of degree d. 

Such data carries an action of the group G := Z/dZ. Indeed there is a 
C*-action on S (C respectively) induced from the Z-grading and the Z/dZ- 
action on S (C respectively) is defined through the natural embedding of 
groups i + dZ i— > where Cd is a primitive d-th root of unity. As W (M 
respectively) has degree d, it is preserved by this G-action. 

Consider the smash product algebra SwtJG and its dual coalgebra CjvijJG. 
One can define a Z-grading on SwtJG (C/vitlG) so that it becomes a Z-graded 
curved algebra (coalgebra respectively). With respect to this grading, the 
curvature term has degree 2. Details of this Z-grading can be found in 
Section which is also explained in [4] from a categorical point of view. 
Our main results are included in the following theorem. 

1.20. Theorem. Assume that W has isolated singularities. Then we have 

— The category [MF gr (S, W)] is classically generated by 

k stab (d-l),k stab (d-2),--- ,k stab 

where the shifts in the parentheses are polynomial degree shifts of 
graded S-modules. 



7 



— There is a Z-graded smash product algebra Q(Cjvt)j}G that can be taken 

as a dg algebra model for MF gr (S, W). 

— For the Hochschild homology we have the following isomorphisms: 

HH*(MF r (S,W)) =HH*(Tw!(C M tfG)) = HH*(C M |tG); 
HHB M (SwttG) = HH*(C M J|G) v 

where the v denotes the graded dual operation. 

Remark: This result is in agreement with the results of Orlov [10] on 
the relationship between [MF gr (S, W)] and the derived category of coherent 
sheaves on the corresponding projective hypersurface defined by W (see 
semi-orthogonal decompositions in Section 2 of loc. cit.). 

Remark: In the Calabi-Yau situation (when d = dim(V)) Theorem 11.201 
is also closely related to the results of Seidel in his unpublished notes [15] . 
There Seidel obtains an Aoo algebra structure on the vector space A*(V)(JG 
as an algebra model for the category of coherent sheaves. As the homol- 
ogy of the dg algebra Q(Cjvi)ttG in Theorem 11.201 is A*(V)jJG we obtain an 
Aqo algebra structure on the same underlying vector space via homological 
transfer property. Presumably these two Aqo structures should be at least 
homotopic to each other if not the same. The explanation for such a coin- 
cidence would again be the (dg version of) the CY/LG correspondence [5J. 

1.21. The paper is organized as follows. In Section[2]we first recall the basic 
constructions in the Koszul duality theory. After that we prove Theorem 1 1.91 
The (curved) homological perturbation lemma from Appendix [A] is used in 
the proofs. 

Sections [31 [3J and [5J are applications of the Koszul duality theory to LG 
models. Section [3] is devoted to the study of generators for MF(Rw)- We 
show that the object 1 F(0(Cjvi)) is homotopic to a matrix cofactorization 
of finite rank and hence we can apply the dualizing functor D. Then it 
takes some extra work to match the resulting object with k stab from [5j. 
In Section [4J we compute the homology of the dg model Q(Cjvi)- We com- 
ment on the minimal model A^ algebra structure and its relationship with 
more standard Koszul duality. Section [5] clarifies the relationship between 
the Borel-Moore Hochschild homology of the curved algebra Rw and the 
ordinary Hochschild homology of the category MF(R, W). 

In Section [6] we generalize the main results to the case of LG orbifolds. 
The results in Theorem 11.181 are proved. Finally, Section [7] deals with the 
category of graded matrix factorizations. Theorem 11.201 is proved there. 
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In Appendix [A] we recall the homo-logical perturbation lemma and prove 
the curved version of it. The proof is pretty much the same as that of the 
case with no curvature. In Appendix [B] we construct an explicit special 
homotopy between the cobar algebra O(C) and its homology A*(V). This 
follows from a form of Hodge theory on the cobar complex O(C). 

1.22. Acknowledgments. I would like to thank my advisor Andrei Calda- 
raru for his continuous support and valuable discussions as well as for reading 
the first manuscript of this work. I thank Tony Pantev for his encouragement 
and Bernhard Keller for answering several questions. I also thank Damien 
Calaque for explaining Koszul duality and Paul Seidel for sharing his unpub- 
lished notes. Furthermore I am thankful to Tobias Dyckerhoff and Daniel 
Pomerleano for pointing out a mistake in an earlier version of the paper and 
also for making interesting comments. Finally I thank Leonid Positselski 
for answering numerous questions I had in understanding his curved Koszul 
duality paper. 

2. Koszul duality for the (co)bar constructions 

In this section we recall the bar and cobar constructions and prove a version 
of Koszul duality between Z/2Z-graded curved coalgebras and their cobar 
algebras. Then we prove some useful properties concerning the derived 
categories of cobar algebras. The results proved in this section are essentially 
due to Positselski [13], although we give more direct proofs which use the 
homological perturbation lemma. 

Throughout this section we will work over a base field k. Linear algebra 
operations such as tensor product or homomorphism between vector spaces 
are all taken over k unless otherwise stated. 

2.1. Curved differential graded (dg) algebras. A curved differential 
graded (dg) algebra structure on a super vector space A is an associative 
algebra structure on A together with an odd linear map d : A — > A and an 
even element W 6 A such that 

• d(W) = 0; 

• d 2 (a) = [W,a]; 

• d(ai clz) = d(ai)a.2 + (— 1 )' Ql 'ai d(ci2) (Leibniz rule). 

Here [— , — ] is the graded commutator and |a| is the parity of a. The curved 
dg algebra obtained from the data above will be denoted by Aw- 
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Here is an example of a curved differential graded algebra that will be 
of primary interest in this paper. Let V be a finite dimensional vector space 
over a field k. Consider the vector space R := sym(V v ) of formal power series 
on V expanded at the origin. As a super vector space R is concentrated the 
even part. The associative algebra structure is the ordinary multiplication 
of power series. The differential is trivial and the curvature element can be 
chosen to be any element W G R. One easily checks that this data defines a 
curved algebra Rw- 

2.2. Matrix factorizations. We begin by recalling the definition of the 
category Tw(Rw) of twisted complexes over this curved algebra Rw/. The 
objects of this category are pairs (E, QJ where E is a Z/2Z-graded free R- 
module and Q is an odd R- linear map such that Q 2 = Wid. The morphism 
space between two objects (E, QJ and (F, P) consists of all R-linear maps 
from E to F. As such, the Horn space inherits a differential defined by 
D(cp) = P o cp — (— ])M(p o Q. One easily checks that D squares to zero as 
Wid is in the center of any matrix algebra. 

This differential makes the category Tw(Rw) into a dg category. Note 
that here we allow possibly infinite rank free R-modules in Tw(Rw). We 
denote by Tw b (Rw) the full subcategory of Tw(Rw) consisting of twisted 
complexes that are of finite rank over R. The category Tw b (Rw) (Tw(Rw) 
respectively) is sometimes also denoted by MF(R,W) (MF°°(R,W) respec- 
tively) . 

As the category Tw(Rw) has a dg structure we can define the notion 
of homotopy between morphisms and objects. More precisely, we say two 
morphisms f and g are homotopic if f — g is exact. We say two objects E 
and F are homotopic if there are morphisms f : E — > F and g : F — > E such 
that f o g is homotopic to idp and g o f is homotopic to idt- 

2.3. We mention some terminologies. For a k-linear category 'rf, recall that 
a predifferential on a Z/2Z-graded object L is an odd morphism d : L — > L 
such that d lies in the center of End<^(L). The data given by the pair (L, d) 
is then called a precomplex. For example a matrix factorization structure Q 
on a free R-module E is in particular a predifferential on E over the k-linear 
category of R-modules. In general the category of precomplexes can also be 
endowed with a dg structure. 

2.4. Curved differential graded coalgebras. Dualizing the definition 
for curved dg algebras we arrive at the definition for curved dg coalgebras. 
A curved dg coalgebra structure on a vector space B is a Z/2Z-graded 
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coassociative coalgebra structure on B together with an odd map d : B — > B 
and an even map M : B — > k such that 

• Mo d = 0; 

• d 2 (x) = M{x^)xM - x (1) M(x( 2 '); 

• coLeibniz rule. 

Here we have used Sweedler's notation for the coproduct. As before, we 
denote the curved coalgebra obtained from the data above by Bjyi. 

As an example we work out the dual of the example given in the previous 
subsection. Let C := sym(V) be the vector space of symmetric tensors on V. 
Again we consider C as a super vector space concentrated in the even part. 
There is a natural coalgebra structure on C = sym(V) whose dual algebra is 
the commutative algebra R. The differential is trivial again. The curvature 
term is any linear map M : C — > k. 

2.5. Matrix cofactorizations. One can construct a category Tw(Cm) of 
twisted complexes over Cm- The objects are pairs (E, Q) with E a cofree 
C-comodule and Q an odd comodule map on E such that the dual of the 
matrix factorization identity holds, 

Q 2 (x) = M(x (1) )x (2) . 

Here we write the coaction map to be p(x) = ^ x' 1 ' tgix' 2 ' for x' 1 ' G C (thus 
we are using left module structure). The Horn spaces and differentials on 
Horn spaces are defined in a similar way as for matrix factorizations. Objects 
in Tw(Cm) will be called matrix cofactorizations. 

As before we can also define a dg structure on Tw(Cm) using the fact 
that matrix cofactorizations are also precomplexes. The full subcategory of 
Tw(Cm) consisting of matrix cofactorizations that are of finite rank over C 
will be denoted by Tw b (C(vO- 

2.6. We recall some useful properties of cofree comodules. First of all we 
consider cofree comodules of the form C <8> V for some k-vector space V 
(possibly infinite dimensional) in the twist construction above. Moreover 
in the abelian category si of C-comodules, cofree comodules are injective 
objects and hence is closed under direct product in &$ ' . For example we 
have n(C<8>Vi.) = C(g> (O^t)- A special property for si is that the class of 
injective objects is also closed under direct sum in si . 

There is a simple relation between the two dg categories Tw b (Rw) and 
Tw b (Cjvi)j made precise in the following lemma. 
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2.7. Lemma. Let Rw and Cm be as above. Assume that the dual map of 
M is W. Define a functor D : Tw b (C M ) -» Tw b (R w ) given by 

(E,Q)£(E V ,Q V ) 
on objects and for any morphism f G Hom Xw ( CM ) ((E, QJ, (F, P)) 
D(f) :=f v : (F V ,P V ) -> (E V ,Q V ). 

Then D is a dg equivalence between Tw b (C)vt) op and Tw b (R\v)- 

Proof. Observe that a map h. : C — > C of C-comodules is uniquely determined 
by its composition with the counit map. Conversely, any linear map a : C — > 
k defines a map of C-comodules by 

C^ C®C a -^ d k®C = C. 

It is easy to check that this defines an isomorphism between Homc(C, C) and 
Hom^Qk) = R. More generally, for two cofree C-comodules Ei = C <8> Vi 
and E2 = C ® V 2 with Vi and V 2 finite dimensional vector spaces over k we 
have 

Hom c (E 1 ,E 2 ) = Hom c (C<g> V^C® V 2 ) = Hom c (C,C) ® Hom k (V 1 ,V 2 ) 
= R(g) Hom(Vi, V2). 

For the Horn space between DE 2 and DEi , we have 

Hom R ((C®V 2 ) v ,(C®V,) v ) = HomRlR^V^R^V^) 

= R® Hom(V 2 v ,V^) = R®Hom(V 1 ,V 2 ) 

where the first and the last equality follow from Vi and V 2 being finite 
dimensional. Thus we have verified that the functor D is an equivalence. A 
direct computation shows that it also preserves the differential and hence 
the lemma is proved. □ 

2.8. The bar and cobar constructions. We first recall the bar construc- 
tion for dg algebras. Let A be a unital dg algebra with a k-linear splitting 
e : A — > k of the unit map. Denote by A + the kernel of e. The splitting e 
induces an isomorphism of k- vector spaces between A and A + © k. We will 
freely make use of this isomorphism. Moreover we will assume that the map 
e is always a map of algebras (but not necessarily of dg algebras) and hence 
the space A + is closed under the product (but not necessarily closed under 
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the differential). If the map e also preserves the differential it is called an 
augmentation of A. 

Given a splitting e the bar construction produces a curved dg coalgebra 
B(A) defined as follows. The coalgebra structure is simply the free tensor 
coalgebra generated by A + [1 ] . Explicitly we have 

B(A) := T C (A+[1]) = ©£ (A+[l]f k . 

The space of coderivations on B(A) can be identified with the space of 
linear maps Hom(B(A), A + ). The differential d is a coderivation on B(A), 
determined by the following two components 

A + ® A + ^A ® A — > A -> A + ; 
A +d 4A^ A+. 

The curvature of B(A) is given by 

on the tensor component A + and zero otherwise. Observe that the curvature 
vanishes if and only if the splitting map e is an augmentation. 

2.9. Next we explain the cobar construction for curved coalgebras with a 
coaugmentation. Let Bm be a curved coalgebra and let u : k — > B be a 
coaugmentation of Bm- This boils down to requiring that r) splits the counit 
map and that it is a map of coalgebras such that 

Mor) = 0. 

Denote by B + the cokernel of r\ which can be identified with the kernel of 
the counit through the direct sum decomposition B = B + © k. 

Given a coaugmentation as above, the cobar construction O(Bjvi) is a 
dg algebra. Explicitly, as an associative algebra Q(Bm) is the free tensor 
algebra generated by B + [— 1]: 

T(B + [-1]) = ffi~ (B+[-1]f k . 

The differential d is a derivation on (1(Bm), determined by the following 
two components 

B + w B — >B © B — > B + © B + ; 
B+ w B n k. 
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2.10. An example. We work out an example to illustrate these construc- 
tions. Consider the the case of the cocommutative coalgebra C := sym(V) 
with curvature given by a map M : sym(V) — > k. In order to have a coaug- 
mentation, we assume that M vanishes on scalar terms in C. It follows that 
the inclusion of scalars n : k — > C is a coaugmentation of Cm- Indeed, it 
is easy to see that n splits the counit and is a map of coalgebras. The fact 
that M o u = follows from our additional assumption that M vanishes on 
scalars. 

By the above construction O(Cm) is the free tensor algebra generated 
by sym(V) + [— 1] with differential given by the sum of two components which 
we denote by d + and d . The d + differential comes from the coproduct on 
sym(V) + [— 1] and d from the curvature M. Explicitly d + and d are deter- 
mined by requiring them to be k-linear and to act on monomials f i , ■ ■ ■ , fk 
by 

k 

d + (f 1 |f2l---|f k ) = X(- 1 ) i - 1 fil---|A(fi)|---|f k , 

v=1 

k 

d-(fi if 2 i • • • ifk) = r 1 M(fOfi i ■ ■ ■ ifii ■ ■ ■ if k 

i=1 

where A is the reduced coproduct given by 

A(f) = Y_ 9 ® h - 

(g,h)|gh=f,g^W1 

2.11. Twisting cochains. For a curved dg coalgebra Bm and a unital 
differential graded algebra A, one can construct a curved dg algebra struc- 
ture on the space of k-linear maps Horn (B, A). It is defined by the following 
formulas: 

• Curvature: W(B, A): B ™ k U ™* A; 

• Differential: (dcp)(x) = d(<p(x)) - (-1 ) M cp(dx); 

• Product: ((p*i];)(x) = (-1) |x(1)|l ^(p(x (1 ^tl;(x( 2 '). 

A twisting cochain from B to A is an odd element T € Hom(B, A) such that 

t*t + dT + W(B, A) = 0. 
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There are natural twisting cochains associated to the (co)bar constructions. 
For a dg algebra A we have a natural map from its bar construction B(A) 
to itself given by 

t a : B(A) -> A + ^ A. 
For a curved dg coalgebra Bjvi, we have 

t Bm :B M ^B+^a(B M ). 

It is easy to verify Ta and Tb m are both twisting cochains. The bar-cobar 
adjunction 

Hom(D.(C),A) = Tw(C, A) = Hom(C,B(A)) 

can also generalized to this context with appropriate categories of algebras 
and coalgebras |13| . 

2.12. Correspondence of twisted complexes. One use of twisting 
cochains is to define a correspondence between categories of twisted com- 
plexes. We work out the this correspondence for a coaugmented curved 
coalgebra B^. The proofs can be easily adapted to include more general 
cases as well. 

2.13. We want to construct dg functors O : Tw(Bm) — > Tw(Q(Bm)) and 
y : Tw(0(B M ) -> Tw(B M ). We begin by constructing <D. Let (E, Q) be 
a matrix cofactorization over Bjvi (with left B-comodule structure). We 
will produce a twisted complex denoted by ®(E) over the cobar dg algebra 
O(Bm) in the following way. As a vector space over k, it is simply Q(Bm)(8>E. 
The left Q(Bm) -module structure is induced from that of O(Bm). The 
differential on Q(BjvO <8> E is defined using the natural twisting cochain Tg M : 

d(x® e) = dx® e + (-1) M x® Qe + (-1 ) w+1 xt(u (1) ) ® e (2) 

where we have denoted the coaction map p:E— > B ® E by p(e) = ' SsD 
e' 2 ' for y' 1 ' € B. One checks that d 2 = and that it is compatible with 
the left module structure on O(E). Hence O(E) is a free dg module or 
twisted complex over O(Bm)- We sometimes write ®(E) = O ® T E where 
the superscript t is to indicate that we are using the twisting cochain x to 
define the differential on O(E). 

However note that O(E) is of infinite rank whenever B is of infinite 
dimension over k. For this reason we need to consider Tw(0(Bm)) instead 
of Tw b (0(B M )). 

For a morphism f : (E, Q) — > (F, P) in Tw(Bm), define ®(f) = id (8)f from 
<D(E) to O(F). In this way we have defined a functor <D from Tw(Bm) to 
Tw(Q(Bm))- One can check that O is a dg functor between dg categories. 
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2.14. In the reverse direction, if (F, d) is a twisted complex over Q(Bjvi), we 
define a matrix cofactorization over B^. As a vector space it is B ® F. 
The left B-comodule structure is induced from that of B and the matrix 
cofactorization map is defined by 

Q(x © f) = dx ® f + (-1 ) M x ® df + x m ® T(x (2) )f 

where t(x' 2 ')f is the action of O(Bjvi) on F. One checks that Q satisfies the 
matrix cofactorization identity and hence defines a twisted complex (again 
of infinite rank) over Bjvl- Similarly the above construction extends to the 
morphism space and hence defines a dg functor W in the reverse direction. 

2.15. As both the categories Tw(Bm) and Tw(0(Bjvi)) are dg categories, 
one can speak of the notion of homotopy between dg functors. Namely we 
say a functor F is homotopic to another functor G if they are homotopic 
when applied to any object. Hence we can also define the notion of homo- 
topy between categories by requiring that there are functors in both ways 
such that their compositions are homotopic to the identity functors. The 
following theorem is the Koszul duality property for the cobar construction. 
Essentially it is duality between the categories of twisted complexes. 

2.16. Theorem. The functors O and W are homotopy inverse of each other. 
Hence the two categories Tw(Bjvi) and Tw(Q(B]vi)) are homotopic. 

2.17. We start by showing that the composition Wo O is homotopic to the 
identity functor on Tw(Bm). For any object (E, Q) G Tw(Bjyi), consider the 
morphism t|e between E and ¥<D(E) = B © T O(Bjvi) (£> T E defined by 

E— >B(g)E < — >B(g) T Q(B M ) ® T E 

where the first map is the coaction map and the second map is simply 
putting unit of Q(Bjvi) on the middle position of B (g) T D_(Bm) <£> t E. A direct 
computation shows that t|e is a map of twisted complexes over Bm- We need 
the following standard lemma in homological algebra. 

2.18. Lemma. Let f : (E, Q) — > (F, P) be a closed morphism in Tw(Bjvi)- 
Define the cone of f to be the matrix cofactorization (E[l] © F, T) with T 
given by the matrix 



Then f is a homotopy equivalence if and only if cone(f) is contractible. 
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2.19. Proof of Lemma 12.181 If cone(f) is contractible, there exists a 
morphism H : cone(f) — > cone(f) such that 



id = [T,H]. 

Writing H as a matrix 

" a b " 
c d J ' 

after a matrix multiplication, we find that the map b defines a homotopy 
inverse of f . A similar consideration works for the reversed direction. □ 

2.20. We apply the above lemma to the morphism t|e constructed above. 
The cone cone(r|E) is given by E[l] © (B (g> T Q(Bm) ® t E) with a predif- 
ferential D acting on it (D satisfies the matrix cofactorization identity). 
This space has a grading by the number of B-tensors it contains. We write 
bo[bi | • • • |bj <8> e for an element containing I + 1 B-tensors and e for an ele- 
ment with no B-tensors . On these elements the first type of elements the 
predifferential D acts by 

D := d A + Q + d M ; 
i 

d A (b [bi | • • • |bj ®e) :=^(-1) i b [b 1 |---|A(b i )|--- |b v ] ® e 

i=0 

+ b [b 1 |---[b l |b (1] ] ®e [1] ; 

QfboCbTl • • • |bx] e) := (-1 ) l+1 b [b! | • • • |bj © Qe; 

i 

dM(b [b! | • • • |bj © e) := ^(-1 ) i b [b 1 1 • • • |M(bOI ■ ■ • M © e. 

i=i 

On elements in E[l] the predifferential D acts by 

D := d A + Q + d M ; 
d A (e) :=b (1) ®e (2) ; 
Q(e) := Q(e); 
d M (e) := 0. 

One recognizes that the differential d A is simply the cobar resolution of the 
B-comodule E 

E^B®E^B®B + ®E^--- 

which is exact. Moreover since the B-comodule E is cofree (hence injec- 
tive) there exists a B-linear homotopy H on the cobar resolution above that 
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makes the complex contractible over B. Note that the homotopy reduces 
the number of B-tensor components by one. 

The homotopy operator H defines a homotopy retraction data (0, 0, H) 
between the zero complex and the cobar resolution (see the Appendix lAl for 
details on homological perturbation technique). We also want to require H 
to be special, i.e. H 2 = 0. This can be achieved by making the following 
transformation 

H i-» Hd A H. 

As the maps d A are also B-linear, the new special homotopy retraction H is 
also B-linear. 

2.21. To show that cone(r|E) is contractible, we need to show that there 
exists a B-linear homotopy for D. For this, we consider D as obtained from 
d A by a small perturbation Q + djvi- Then apply homological perturbation 
lemma to obtain the homotopy for D. 

As mentioned earlier, the map D is not really a differential as D is not 
zero. Thus the ordinary homological perturbation lemma does not apply 
to this case. However it is a predifferential, that is D is in the center 
of B-linear maps from cone(r)E) to itself. In this situation the homological 
perturbation lemma can still be applied as is explained in the Appendix lAl 
The condition that needs to be checked for this to work is summarized in 
the following lemma. 

2.22. Lemma. The curved perturbation 5 := Q + djvi is small. That is we 
can dehne the operator (id —5 o H) _1 on cone(r|E). In fact the operator 5 o H 
is locally nilpotent on cone(r)E). 

2.23. Proof of Lemma 12.221 For a Z-°-graded vector space we say an 
operator on it is locally nilpotent if for any element of bounded degree it 
is nilpotent. In our case, we consider the space conef/nt) be graded by the 
number of B-tensors. Observe that the operator Q preserves the number of 
B-tensors while djvt reduces the number of B-tensors by one. The homotopy 
operator also reduces the number of B-tensors by one. Hence the composi- 
tion 6 o H strictly reduces the number of B-tensors. So it must be locally 
nilpotent by degree consideration. Since 5oH is a locally nilpotent operator, 
one can define the operator (id —5 o H) _1 on the direct sum of each graded 
components which is cone(r|E). (Note that it is important here that here 
cone(r)E) is a direct sum rather than a direct product.) □ 

It follows from the curved homological perturbation lemma IA.4I over the 
linear category of B-linear morphisms that there exists a homotopy Hi for 
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the operator D. Hence we have finished half of the proof of the theorem, 
namely the composition W<t> is homotopic to the identity functor on Tw(Bjvi). 

2.24. The other half of the proof, the fact that OW is homotopic to identity 
on Tw(Q(BjvO) is relatively easier as we are dealing with actual complexes. 
The author learned this argument from Positselski. It is an expanded version 
of the proof given in subsection 6.4 in [TH]. For an object F G Tw(Q(Bjvt)) 
we consider the natural map ep : cp^F) := D_(BmJ (S> t Bm (g> T F — > F defined 
by 

a <g> 1 ® f i-> af 

and zero on the other tensors. To show that ep is a homotopy equivalence 
it suffice to show that the cocone K := cone(eiO [— 1] is contractible. This dg 
module as a vector space is F[— 1] ®Q(Bm.) <g)B(g)F. Define a finite decreasing 
filtration on it by 

F°K := K D F 1 K := 0(B M ) <g> B <g> F D F 2 K := Q(B M ) ® B+ ® F D F 3 K := 0. 

One checks that the differential on K does not preserve this filtration but 
sends F^K to F i_1 K. Moreover the induced differential on the associated 
graded components agrees with the canonical resolution 

-> Q(C M ) ® C+ ® F -> Q(C M ) <8> k ® F -> F -> 

which is exact. Then we can define a dg D.(Civi)-submodule of K by 

L := F 2 K + dF 2 K 

where d is the differential on K. It follows from the exactness of the above 
short exact sequence that both L and K/L are contractible. In general this 
does not imply that K is also contractible. But in our case the dg module 
K/L is free as D_(B)vi)-modules, which implies that K admits a direct sum 
decomposition L©K/L as 0(B)vi)-modules. Note that this splitting does not 
necessarily preserve the differential on K, nevertheless it realizes K as the 
cone of a closed map from L[— 1] to K/L, which implies that K itself is also 
contractible. □ 

Remark: More general Koszul duality statements are studies in |13| be- 
tween various types of derived categories. The theory of Koszul duality for 
general curved algebras (not necessarily arising as the dual of curved coal- 
gebras) is not yet understood. This is the reason why we need to restrict to 
curved algebras of the form Rw- 
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2.25. For a dg category we denote by its homotopy category. Recall 
that \ < S}\ has the same objects as @, but the morphism spaces between 
objects are given by the zeroth cohomology of the morphism spaces in 3l . 
Our next goal is to have an understanding of the category [Tw(0(Cjvi))]- 

It is a well-known fact that for a dg algebra A the category [Tw(A)] is a 
triangulated category. However it does not agree with the derived category 
of A in general. The reason is that the derived category of A is defined 
by the localization of [Tw(A]] with respect to the class of acyclic objects 
(dg modules with zero cohomology) which might not be trivial in [Tw(A)]. 
Specifically, there might exist objects in Tw(A) that are acyclic while not 
being contractible. One such example is to take A = k[x]/x 2 and E G Tw(A) 
to be 

•••A— >AAA— >A--- 

where the maps are all given by multiplication by x. 

In the following proposition, we will show that for a coaugmented conil- 
potent coalgebra C with curvature term M acyclic objects are the same as 
contractible objects in Tw(0(Cjvi)). Recall that a coaugmented coalgebra C 
is conilpotent if C + is the union of the kernels of finite iterated coproducts. 

2.26. Proposition. Let C be a coaugmented conilpotent coalgebra and 
let F be an object in Tw(D.(Cm))- Then F is acyclic if and only if F is 
contractible. 

Proof. It suffices to prove that if F is acyclic then it is contractible. As F 
is an acyclic complex there always exists a contracting homotopy for F over 
the field k. Let H be such a k-linear special homotopy of F. 

Consider the Koszul dual V(F) = C (S> T F. The C-linear map id (g)H de- 
fines a special contracting homotopy for the complex (C (g) F, id £3 dp). The 
predifferential Q on ^(F) is given by 

Q = id (gidf + d T 

where the map d T comes from the natural twisting cochain t associated with 
the curved coalgebra Cm- We consider 5 := d T as a curved perturbation of 
id <%>df and apply the curved homological perturbation lemma as in the proof 
of the Theorem 12.161 

2.27. Lemma. The curved perturbation 6 is small. 

This is an immediate consequence of the conilpotency condition on C. In 
fact the conilpotency condition implies that 6o (id (S>H) is a locally nilpotent 
operator. □ 
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Note that all maps involved in the perturbation are C-linear, hence by the 
curved homological perturbation lemma IA.4I the object V(F) is contractible 
in Tw(Cjvi). It follows that the object ®^F(F) is also contractible. By Theo- 
rem [27161 OVfF) is homotopic to F and hence F is also contractible. □ 

2.28. The proposition immediately implies that the dg algebra Q(Cjvi) itself 
is a generator for the triangulated category [Tw(0(Cjvi))]. To make a more 
precise statement we recall several distinct notions of generators for trian- 
gulated categories. We follow the exposition in pQ. Let Q be a triangulated 
category. A set of objects $ := {Fdi G 1} is said to classically generate S> 
if the smallest triangulated subcategory of !3> containing S that is closed 
under isomorphism and direct summands is equal to £F itself. We say that 
Ql is finitely generated if it is classically generated by one object. 

The second notion of generation is defined via the orthogonal category 
of & '. Namely, we say that <§ weakly generates if the right orthogonal 
S is trivial. (The right orthogonal § is by definition the full subcategory 
of *3s consisting of objects A such that Homgt(Fjn], A) = for all i and all 
n.) It is clear that classical generators are also weak generators. But the 
converse is not true in general, often we will drop the adverb "weak" and 
say that <f generates Si if <§ weakly generates it. 

If furthermore the category Si admits arbitrary direct sums one can 
define the notion of compactness for objects. In such a category an object F 
in Q> is said to be compact if the functor Hom^(F, — ) commutes with direct 
sums. Denote by *2i z the full subcategory consisting of compact objects. We 
say that $ is compactly generated if 3> c generates £9. We need the following 
result by Ravenel and Neeman [9]. 

2.29. Theorem. Assume that a triangulated category 31 admitting arbi- 
trary coproduct is compactly generated. Then a set of compact objects 
classically generates S> c if and only if it generates 

2.30. Corollary. Let the notations and assumptions be the same as in 
Proposition \2.2(h Then the dg-module D.{Cm) is a compact generator for 
the category [Tw(0(Cm))]- Moreover it classically generates the compact 
subcategory [Tw{Q.(Cm))] c ■ 

Proof. It is clear that the object O(Cm) is compact. Moreover if F £ 
[Tw(0(Cm))] is right orthogonal to O(Cm), it implies that the object F is 
acyclic. Then it follows from Proposition 12.261 that F is in fact contractible 
hence becomes zero in [Tw(0(Cm))]. The last assertion follows from Theo- 
rem E29J □ 
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3. Generators for MF(R,W) 



In this section we prove that the image of the cobar algebra Q(Cm) itself 
under the Koszul duality functor lies in Tw b (Cjvi)- Hence its k-linear dual 
makes sense and defines a matrix factorization in Tw b (Rw/) = MF(R, W). 
Then we identify this object produced by Koszul duality with Dyckerhoff 's 

^stab 

In [5] it was shown that object k stab classically generates the category 
[MF(R, W)]. The results obtained in this section do not reproduce this gen- 
erating theorem by Dyckerhoff, despite Corollary 12.301 and Proposition 13.21 
The problem is that we do not know a priori that finite rank matrix co- 
factorizations are compact objects in Tw(Cm)- In fact we will show in this 
section (see Proposition 13.111 that k stab classically generates [MF(R, W)] if 
and only if [Tw b (C]vt)] is compact in [Tw(Cm)], which is useful in the study 
of equivariant or graded matrix factorizations in Sections [61 [7J 

Throughout this section, we specialize to the curved coalgebra Cm where 
C is a symmetric coalgebra and M : C — > k is a curvature term that van- 
ishes on scalar and linear terms. As symmetric coalgebras with the canonical 
coaugmentation are conilpotent coalgebras, hence all the results in the pre- 
vious section hold for Cm- 

3.1. A compact generator for [Tw(Cm)1- We explain the main idea 
to construct a compact generator for the homotopy category of Tw(Cm)- 
Note that it is clear that in both the category Tw(Cm) and Tw(0(Cm)) 
arbitrary coproducts exist and hence one can talk about compactness of 
objects in these categories. 

By Theorem 12.161 the two dg categories Tw(Cm) and Tw(0(Cm)) are 
homotopic via the homotopy equivalences <D and W. Moreover both func- 
tors O and W preserve coproducts and hence they send compact objects to 
compact objects. Being homotopy equivalences the functors O and ^ send 
compact generators to compact generators. 

By Corollary 12.301 the object £2 (Cm) is a compact generator for the 
homotopy category [Tw(Q(Cm))L It follows that the matrix cofactorization 
W(0(Cm)) is a compact generator for the homotopy category of Tw(Cm)- 
We have proved the following result. 

3.2. Proposition. The homotopy category of Tw(Cm) is compactly gener- 
ated by W(Q. ( Cm ) ) • The same object also classically generates the associated 
compact subcategory. 

3.3. Next we show that the compact generator W(D.(Cj^)) is in fact ho- 
motopic to an object of Tw b (CM)- Again we use the curved homological 
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perturbation lemma IA.4I to prove this. Using formulas in Paragraph 2.10, 
the predifferential Q on W{D.[Cm)) '■= C T £1(CmJ can be split into three 
parts defined by 



Here we have slightly abused the notation for d + and d , but no confusion 
should arise. We consider 5 := d~ + d T as a curved perturbation for the 
operator d + . In Appendix [B] we construct a special homotopy H between 
(A*(V),0) and (Q(Cm)> d + ) which extends to a special homotopy between 



by putting id on the C part. (The notion of special homotopy is reviewed 
in Appendix [Aj) 

3.4. Lemma. The map i, p and H (again extend by id on the C part) 
dehnes a special homotopy retraction between (C <£> A*(V),0) and (C ® 
n(C]vi))d + ). The curved perturbation 8 := d~ + d T is small. In fact, the 
operator 6 o H is locally nilpotent. 

Proof. The first half is clear. The second half follows again from degree 
considerations. Namely d reduces the number of tensor components, d T 
reduces the degree of the C part and H reduces the number of tensor com- 
ponents. □ 

Remark: It is interesting to observe that if M = 0, one can show that 
the perturbed differential is the Koszul differential on the space C <g) A*(V), 
hence recovering the Koszul complex. In general, d~ and its combination 
with d T is responsible for the other part of Q. 

3.5. Lemma 13.41 allows us to apply the curved homological perturbation 
lemma lA~4l to W[Q.{Cm)), which shows that W{D.{Cm)) is nomotopic to a 
matrix cofactorization on C® A*(V). From now on, we shall slightly abuse 
the notation by denoting by W[Q.(Cm)) the finite rank matrix cofactorization 
obtained via the curved perturbation lemma. 

3.6. Relation with Dyckerhoff's generator k stab . In [5] Dyckerhoff 
defined a matrix factorization on R® A*(V V ) which he denoted by k stab . 



d + (x <8>y) 
d~(x <S>y) 
d T (x®y) 



x® d + (y); 

x (1) ®T(x (2) )y; 
d + + d~ + d T . 



Q 



(C® A*(V),0) = (C®n(C M ),d- 
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The space k stab is a super space with parity determined by the exterior 
degree. The matrix factorization on k stab is defined as follows. 

Choose a basis xi, • • • ,x n of V v , and write W in the form XiWi. 
Denote the dual basis for V by yi,--- ,y n - Then the matrix map Q v is 
defined by 

Q v (f <g> a) := Xif<8> jyia + Wif (8) Xi A a 

where jy^ denotes the contraction operator and repeated indices are implic- 
itly summed. 

3.7. As explained above we can get a matrix cofactorization on C® A*(V) 
from W[Q.(Cm)) via curved homological perturbation. Applying the functor 
D yields a matrix factorization on R® A*(V V ) which is the same as the 
underlying space of k stab . Hence it is natural to ask whether the two matrix 
factorizations are the same (homotopic). In the following we identify the 
matrix factorization D(M / (0(Cm))) from Koszul duality with Dyckerhoff's 
k stab 

3.8. Proposition. With the notations introduced above we have a homo- 
topy equivalence 

D(¥(Q(C„)))=k stab 
between objects in MF(R, W). 

Proof. Since the functor D is an equivalence of categories, we denote by E := 
(E, Q) the matrix cofactorization whose dual is k stab . As V is a homotopy 
inverse to <D, it is enough to prove that 

d)o¥(n(c M )) = f(E). 

As shown in the proof of Theorem 12. 161 the counit of the adjunction map 

Oo^(o(c M )) ea ^ Ml n(c M ) 

is a homotopy equivalence. Hence it suffices to show that ®(E) and fl(Cjvi] 
is homotopic. The object ®(E) as a vector space is given by fl(Cjvi) ® C <g> 
A*(V). Define a linear map a from O(Cm) to ®(E) by 

[f 1 1 • • • |fk] •— > Df 1 1 — IfiJ ® 1 ® 1 

where the middle 1 is the image of the coaugmentation map of 1 € k. The 
last 1 is the unit in A*(V). The map a clear respects the left 0(Ci-i)-module 
structure. Moreover it is a map of complexes as Q vanishes on 1 03 1 (Q v 
increase the polynomial degree on C, Q must decrease the degree). We use 
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homological perturbation to show that a is a homotopy equivalence. Again 
we split the differential D on ®(E) into several parts and use homological 
perturbation lemma. Explicitly for an element a <S> f <8> y £ £2 (Cm) <8> C (8> 
A*(V), the map D is the sum of the following four parts: 

do(a<g>f ®y) := d a (a) ® f ®y; 
d T (a®f ®y) := cnr(f (1) ) ® f (2) ® y; 

Q + (a® f ®y) := a® — ®y t Ay; 

Q~(a® f 0y) := a® Di(f)(8>jXi 

where yt as before is a basis for the vector space V. The map is defined 
by 

dual of w t cg)id 
C— >C(g>C — > k(g)C = C. 

The map Q + is simply the Koszul differential on C (8> A*(V). We consider 
the differential d := da + Q + on the underlying vector space of ®(E) and 
the other part 5 := d T + Q as perturbations of d. One can easily write 
down a special homotopy H for the Koszul differential Q + and extend it 
by id on £2 (Cm) to give a homotopy retraction data between D(Cm) and 
(£2(Cm) &> C (g) A*(V), d). Then one verifies that the perturbation 6 is small 
which follows from the conilpotency property of C and the fact that the 
curvature M vanishes on scalar and linear terms. Moreover observe that 
both H and 5 are £2(CM)-linear and 

§ o a = 0, 

which implies that the perturbed inclusion is still a and the perturbed dif- 
ferential is still da on £2(Cm) by formulas in Appendix[A] Hence the propo- 
sition is proved. □ 

3.9. In view of the two propositions 13. 2| 13.81 above it is plausible to expect 
a new proof of the fact that k stab is a generator for [MF(R, W)]. Indeed it is 
a direct consequence of these two propositions that k stab weakly generates 
[MF(R, W)], i.e. its right orthogonal full subcategory is trivial. 

However it does not imply that k stab classically generates [MF(R, W)] as 
the category [MF(R, W)] does not admit arbitrary coproducts (and hence 
Theorem 12.291 does not apply). The problem here is that the subcate- 
gory Tw b (CM) might not be compact in Tw(Cm)- Indeed we show that 
this is equivalent to the condition that the object k stab classically generates 
[MF(R, W)]. We need the following theorem (which can be found in [0 j that 
characterizes compact objects. 
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3.10. Theorem. Let S be a triangulated category with arbitrary coprod- 
uct. Moreover, assume that Ql is compactly generated by a set of compact 
objects S '. Then an object of £t is compact if and only if it is a direct 
summand of an iterated extension of copies of objects of <§ shifted in both 
directions. 

3.11. Proposition. The full subcategory [Tw b (C]vt)] of [Tw(Cm)] JS com- 
pact if and only if k stab = D¥(0(C M )) classically generates [MF(R, W)]. 

Proof. Assume that [Tw b (Cjvi)] is a compact subcategory of [Tw(Cm)] ; be. 
every object of [Tw b (Civi)] is compact, then it follows from Theorem 13.101 
that the object W(Q.[Cm)) in [Tw b (C)vi)] obtained by perturbation classically 
generates [Tw b (CjvO] as it is a compact generator for [Tw(Cm)]- Apply the 
equivalence functor D implies that D^OfCjvi)) = k stab classically generates 
[MF(R,W)]. 

Conversely, if k stab classically generates [MF(R, W)], by Theorem 13.101 
we conclude that objects in [Tw b (C/vO] can be obtained from W(Q.[Cm)) by 
taking direct factors of iterated extensions and shifts, which implies that 
objects in [Tw b (Cjvi)] are compact in [Tw(Cm)] as W(Q.(Cyy)} is a compact 
generator. □ 

3.12. We will now show that the homological smoothness of the dg algebra 
n(Cjvi) implies that the object k stab classically generates [MF(R, W)]. Recall 
that a dg algebra A is called homologically smooth if A considered as an 
A ® A-bimodule is a perfect object, i.e. it is a direct factor of finite rank 
free A® A dg-module. 

3.13. Proposition. If the dg algebra O(Cjvi) is homologically smooth then 
the full subcategory [Tw b (Cm)] of [Tw(Cjvt)] is compact. 

Proof. A matrix cofactorization structure on C®V is equivalent to a £2(Cm) 
dg-module structure on V. Hence it suffices to show that any finite dimen- 
sional dg 0(C)vi)-niodule is compact in Tw(£2(Cm))- Homological smooth- 
ness implies the existence of resolution of diagonal by a perfect complex of 
fl(Cjvi) <8> 0(Cjvi)-bimodules. Via integral transform it produces a resolu- 
tion for any finite dimensional dg module by a perfect complex of C>(Cm)- 
modules. □ 

Remark: By proposition 13.81 the dg algebra £2 (Cm) is homotopic to the dg 
algebra A := End MF(R!W) (k stab )°P as 

A°p = End Tw(CM )(¥(a(CM))) = End Tw(n(CM)) (0(CM)) = 0(C M ). 
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In [5] Dyckerhoff showed that A is homological smooth under the assumption 
that W has isolated singularities, but a more direct proof of this fact is not 
known. Therefore we have the following implications: 

W has isolated singularities 
=>Q(Cm) or A is homologically smooth 
=>[Tw b (CM)] is compact in [Tw(Cm)] 
<=>k stab classically generates [MF(R, W)]. 

In fact these statements are all equivalent in view of |16j . 

4. Aqo structures on minimal models. 

In this section we study the minimal model Aqo algebras for Q(Cm)- As 
shown in the previous section, the dg algebra Cj(Cm) is homotopy to A := 
End M F(R,w) (k stab ) op constructed by Dyckerhoff in [5]. The advantage of 
O(Cm) is that it is a free algebra. Some results in the computational aspects 
are also presented. 

Throughout this section we assume that the curvature M vanishes on 
scalar and linear terms. We refer the reader to Appendix [X] for details on 
homological perturbation lemma. 

4.1. Preparations for homological perturbation. Recall the algebra 
structure of £2 (Cm) is the free tensor algebra and the differential d is the 
sum of two parts: d + coming from the coproduct of C and d coming from 
the dual potential H. The formula for these maps are given in Paragraph 
2.10 in Section [2j Consider d = d + + d~ as a deformation of the differential 
d + . For the differential d + , we have the following quasi- isomorphisms 

i:(A*(V),0)^(O(C),d + ), 

and 

p : (Q(C),d + M(A*(V),0). 

where i is the anti-symmetrization map and p is the quotient map. It is 
clear that p splits i. Moreover, an explicit (in principal) homotopy H is 
constructed in the Appendix IBl between these two complexes. Namely, we 
have 

top = id+d + H + Hd+. 
Moreover, the homotopy H is special, that is 

Hoi = 0;poH = 0;H 2 = 0. 
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4.2. To do homological perturbation, we just have to show that the operator 
id — 5H is invertible for some perturbation 5 (d~ in our case). This is an 
easy consequence from degree considerations. Indeed, the operator 6 := d~ 
reduces the tensor degree by 1 and the operator H := — d* o G also reduces 
the tensor degree by 1 . So their composition reduces the tensor degree by 2. 
It follows that 6H is nilpotent on £2(C).Thus we have proved the following 
lemma. 

4.3. Lemma. Let 8 be the perturbation operator d on £2(Cm)- The op- 
erator 5H is locally nilpotent on £2(Cm) an d hence id — 5H is invertible. 

4.4. Homological perturbation. We can apply the homological pertur- 
bation technique in the above situation. The perturbed differential on A(V) 
is again zero. To see this, note that the perturbed differential is given by 

b :=po (id-SHr 1 °Soi. 

The requirement that M vanishes on linear terms implies that 

5 o 1 = 0. 

Hence b = by the above formula of b. We can summarize the results in 
the following corollary. 

4.5. Corollary. Let Cm be as above and assume that the dual potential M 
vanishes on scalar and linear terms. Then the homology of the dg algebra 
Q(C M ) is A*(V). 

Remark: If we did not assume that M vanishes on scalar and linear terms, 
then the cobar construction £2 (Cm) might be a curved dg algebra. The 
scalar part of M controls the curvature term of £2 (Cm) while the linear 
adds an additional differential on it. Through homological perturbation it 
adds a differential on the vector space A * (V). 

4.6. Aqo structures. The standard tree formula can be used to transfer the 
dg algebra structure on £2 (Cm) to an algebra structure on its homology 
A*(V). We summarize the computational aspects of this Aoo structure. 

If M vanishes, it is then easy to see that the dg algebra £2 (Cm) is formal. 
In fact p defined above is an algebra quasi-isomorphism when putting the 
exterior algebra structure on A*(V). This is simply the classical Koszul 
duality between symmetric algebras and exterior algebras. 

If M is only of degree 2, explicit computation can be done in this case. 
The result is that M deforms the exterior product on A* (V) into the Clifford 
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product with M the defining quadratic form. This is the standard curved 
Koszul duality theory as developed by Polishchuk and Positselski in (T2j . 

The higher degree terms of M is more interesting but also more com- 
plicated to compute. It produces the higher multiplications (Aoo algebra 
structure) on A(V). 

Together with the previous remark on scalar and linear terms of M, 
we see that each homogeneous components of M nicely corresponds to the 
homotopy associative structures on its Koszul dual. It is reasonable to say 
that the Koszul dual of Cm is in general a (curved) algebra structure 
on A*(V). 

5. Hochschild invariants 

As another application of Theorem 12. 16} we show that one can calculate the 
Hochschild homology of MF(Rw) using the Borel-Moore Hochschild chain 
complex of the curved algebra Rw- The latter was introduced and explicitly 
computed in [4]. We assume that W has isolated singularities throughout 
this section. 

5.1. Basic ideas. As mentioned in Section [2j the dg category of matrix 
factorizations Tw b (R\y) is isomorphic as a dg category to Tw b (C]vi) op - As 
the Hochschild homology is stable under the opposite operation, we have an 
isomorphism 

HH*(Tw b (R w )) = HH4Tw b (C M )). 

If W has isolated singularities, by Dyckerhoff's generating result and Propo- 
sition (3TTTJ it follows that [Tw b (Cjvi)] is a compact subcategory of [Tw(Cm)] 
(see Section [3]) . Thus we have an inclusion of dg categories 

Tw b (C M ) ^Tw(C M ) c . 

Moreover Theorem 13.101 implies that every compact object in Tw(Cjvi) is a 
direct factor of an object in Tw b (Civi) as W[C1[Cm)) G Tw b (C)vi) compactly 
generates [Tw(Cm)] by Proposition 13.21 This implies the above inclusion of 
categories is an equivalence up to factors, which yields 

HH*(Tw b (C M )) = HH,(Tw(C M ) c ) 

by Keller's result [J]. The right hand sided category Tw(Cm) c is homotopic 
to the category Tw(0(Cjvi)) c via the coproduct preserving homotopy equiv- 
alences O and W. As the Hochschild homology is also homotopy invariant, 
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we conclude that 

HH*(Tw(C M ) c ) =HH,(Tw(0(C m )) c ). 

Finally the Hochschild homology of Tw(0(Cm)) c can be calculated by that 
of the dg algebra O(Cjvi) (again by Keller's result [7]). 

5.2. Combining all these isomorphisms, we conclude that the Hochschild 
Homology of Tw b (Rw) = MF(R, W) is isomorphic to that of the dg algebra 

Q(C M ) ' 

HH»(MF(R, W)) = HH*(0(C M )). 

In the following, we relate the vector space HH*(0(Cm)) with the Borel- 
Moore Hochschild homology of the curved algebra R\y. 

5.3. The case with vanishing curvature. To relate the Hochschild com- 
plex of O(Cjvi) to that of the curved algebra Ryy, we begin with the classical 
case where the curvature W is not presented. For this, we first recall the 
Hochschild homology of a coalgebra C. 

Namely, for a coalgebra C with an coaugmentation, we form the cobar 
algebra O(C). The Hochschild chain complex C*(C) is by definition given 
by the complex 

(Q(C)® T C® T a(C)) ® Q(C). 

CL(C)®CL(C) 

Here the superscript T on tensor symbol is again to denote the twisted tensor 
product using the natural twisting cochain T. The expression on the left side 
of the tensor product is a free 0(C)-bimodule resolution for the diagonal. 

After the tensor product operation, C*(C) is simply C®JQ(C) as a vector 
space, but the differential is the sum of the differential from Leibniz rule and 
the one from the twisting cochain. To simply our notations, we denote by 
C®£2(C) the Hochschild complex C*(C). 

5.4. The advantage of this definition of the Hochschild complex is that it is 
quite simple to relate it the Hochschild complex of O(C). Indeed, the latter 
complex is by definition given by 

(a(C)® T BO(C)® T n(C)) ® a(c). 

a(C)®o(C) 

Notice that these two complexes only differ by the middle term where twisted 
tensor products are formed. The fact that they are quasi-isomorphic follows 
from the following classical lemma, see [8] for example. 
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5.5. Lemma. Let C-\ — > A be a twisting cochain between a dg coalgebra C-\ 

y 

and an dg algebra A. Let Cz — > Ci be a quasi-isomorphism of dg coalgebras. 
Then the composition %x 

C 2 -» Ci -> A 

is also a twisting cochain. Moreover, for any dg A-module F, the map defined 
by 

C 2 ®t> F T®| d Cl F 

is a quasi-isomorphism. 

5.6. Apply the lemma to the unit morphism of the adjunction OHB 

Ti c :C^BO(C) 

and the natural twisting cochain BO(C) — > O(C). The fact the Tic is a 
quasi-isomorphism is well-know for ordinary (dg) algebras (even non-curved 
Aoo algebras). 

As a conclusion of the above discussion, we end up with the following 
quasi-isomorphism between the two Hochschild complexes, 

C*(C) := C®0(C) M id C*(0(C)) : = BQ(C)®n(C). 

5.7. Finally, taking the k- linear dual of the complex C*(C) yields the Hoch- 
schild complex of the algebra R. However, it is important to observe that 
we should be getting the direct product Hochschild chain complex of R as 
a result of dualizing a direct sum complex. However, there is an obvious Z- 
grading on C*(C) by the number of C tensor components. And the homology 
of C is finite with respect to this grading. It follows from this facts that 
the Borel-Moore Hochschild homology (the one by taking direct product 
complex) and the direct sum Hochschild homology coincides for the algebra 
R. 

This explains the main point we wan to make. Indeed, in the curved case, 
the differential does not preserve the filtration associated to this Z-grading, 
and we will always end up with the Borel-Moore Hochschild homology. 

5.8. Adding the curvature term. We can add the curvature term W 
(or M) into the previous discussion. All the constructions explained above 
remain the same as we have already explained the twisting cochain and 
the twisted tensor products in the curved case in Section [2) However, the 
proof of Lemma ES] does not generalize as the coalgebra BO(Cjvi) is curved 
with noncommutative coproduct. Hence the differential does not square to 
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zero in this case. It is even problematic to talk about the notion of quasi- 
isomorphism for these coalgebras. Nevertheless, the map r\c <8> id remains a 
quasi-isomorphism on the associated Hochschild complexes. This is proved 
in the following proposition. 

5.9. Proposition. The map r\c ® id JS a quasi-isomorphism between the 
chain complexes C*(Cm) and C*(Q(Cm))- 

Proof. Observe the existence of a Z-grading on the space C*(Cm) by the 
number of C tensor components. And define the following Z-grading on the 
space BO(Cjvi) <8> O(Cjvi) by 

deg(fi ® • • • ® fk) := k for an element in D-(Cjvt); 
deg([ad- • • |a n ] <8> |3) := deg(ai) H hdeg(a n ) +deg((3) -n. 

Then one breaks the Hochschild differentials into two parts. The first part 
is simply the differential when the curvature is not presented. The second 
part is the differential defined by the curvature term M. For simplicity, we 
denote them by d + and d~ respectively. (We will not bother to distinguish 
them on the two complexes as we will specify the complex when making 
statements.) Observe that the first differential increases the degrees defined 
above by 1 and the second differential decreases the degree by 1 . Hence we 
have a morphism of mixed complexes 

r)c ® id : (C M ®0(C M ), d + , d~) -> (BO(C M )^a(C M ), d + , d"). 

Through the associated bi-complex of these mixed complexes (details of the 
mixed complex technique is explained in [3]), we can conclude that the r|c ( S>id 
is a quasi-isomorphism as it is so on the E^page. □ 

Remark: In the proof, it is important that we are dealing with direct 
sum complexes and d + is degree increasing. Because only in this case, the 
spectral sequences under consideration starts with the differential d + for 
which we know gives an isomorphism. 

5.10. The last step is to dualize the Hochschild complex C*(Cm)- It is 
easy to see that the Borel- Moore Hochschild complex C BM (Rw) of Rw is 
quasi-isomorphic to C*(Cm) v - To see this observe that through the natural 
inclusions 

R ® R + • • • R + ® R+ (C ® C + • • • C + ® C + ) v , 
we get a map of mixed complexes 

C, BM (Rw)^(C*(C M )) v . 
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Consider the associated double complexes, it is easy to see that the map 
induces an isomorphism on the E^term by the classical HKR isomorphism. 
Hence the inclusion map i is a quasi-isomorphism of mixed complexes. We 
summarize the main results in the following proposition. 

5.11. Proposition. We have the following isomorphisms: 

HH*(MF(R, W)) =HH,(Tw b (C M )) = HH*(C M ); 
HH, BM (R W ) = HH,(C M ) V . 

Remark: When W has isolated singularities, the vector space HH*(C)vi) 
is finite dimensional. Moreover, the generalized Mukai pairing induces an 
isomorphism of HH„,(Tw b (Rw)) with its dual vector space. In view of the 
proposition, it is natural to ask how the Koszul duality phenomena might 
be related to the Chern character theory and Riemann-Roch type theorems. 
The author would like to return to this aspect in future. 

6. Equivariant matrix factorizations 

In this section, we study the orbifold version of the Theorem 12.161 and its 
applications to the category of equivariant matrix factorizations. Through- 
out the section we work over the ground field k = C as we need to consider 
characters of groups. 

6.1. Orbifold Koszul duality. Let C := sym(V) to be the symmetric 
coalgebra over a vector space V and let M : C — > k be a linear map on C 
that vanishes on scalar and linear terms. Consider a finite abelian group 
G acting on C via coalgebra morphisms and that the action preserves the 
linear map M, i. e. the composition 

c Ac^k 

is equal to M for any element g £ G. 

Given such data we would like to consider the dg category of equivariant 
twisted complexes over the curved coalgebra Cm- The objects are pairs 
(E, Q) where E is a cofree C-comodule with a G-action of the form 

E:= eiC®C Xi . 

Here C Xi denotes the one dimensional G-representation associated to a given 
character \\ an d we allow repeated indices in the direct sum above. The 
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linear map Q is a C-comodule morphism on E which is also G-equivariant. 
Moreover Q satisfies the matrix cofactorization identity. The morphism 
spaces between objects would be G-equivariant C-comodule maps. We de- 
note this category by Tw([Cm/G]) to mimic the orbifold notation. As before 
we denote by Tw b ([C/vi/G]) the full subcategory consisting of finite rank ob- 
jects. 

Since the cobar construction is functorial, we also have a G-action on the 
cobar algebra £2 (Cm)- Thus we can define the category Tw([0(Cm)/G]) in 
a similar way. 

6.2. The Koszul duality functors O and W are defined in the same way as 
before. Namely, for an equivariant matrix cofactorization (E, QJ define 



where ®(E) inherits the tensor product G-representation. Observe that 
the differential on O(E) is G-equivariant as the differential on Q(Cm) 5 the 
predifferential Q on E and the twisting cochain t are all equivariant maps. 

One easily checks from direct inspection that the functors O and W send 
equivariant objects to equivariant objects and equivariant morphisms to 
equivariant morphisms. Moreover the homotopy constructed to prove that 
O and W are homotopy inverses can be made G-equivariant by averaging if 
necessary. Thus we have shown the following theorem. 

6.3. Theorem. The functors O and are homotopy inverses between 



6.4. Change of category. To make better use of the above Theorem 16.31 
we first need to make a change of category. Namely, we will switch from 
equivariant categories to categories of twisted complexes over a smash prod- 
uct algebra. These two types of categories are closely related. 

The equivariant category construction can be reduced to the ordinary 
twisting construction by the smash product construction. Namely as G 
acts on the curved coalgebra Cm, we could form the smash product curved 
coalgebra CmHG. As a vector space it is C Cg) k[G] and the coproduct is 
defined by 



9i92=g 

The curvature of Cm|}G is defined by M on the component C ig) id^ and zero 
otherwise. 



<D(E) :=D.(C M )® T E 



Tw([C M /G]) and Tw([0(C M )/G]). 
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6.5. The dg category Tw(CmJ}G) is closely related to the equivariant dg 
category Tw([Cm/G]). Observe that the smash product coalgebra CjvitJG 
carry natural G-action and CjvitJG-linear maps are equivalent to C-linear 
maps that are also G -equivariant. Thus the category Tw(CjvtftG) is a fully 
faithful subcategory of Tw([Cm/G]) consists of objects that are free Cm(JG- 
comodules. Conversely every objects of Tw([Cm/G]) is a direct summand 
of an object in Tw(Cjvit)G) through the fully faithful embedding. To see this 
observe that for any object (E, QJ G Tw([Cm/G]) form the object 

g*(E,Q) := (© geG g*E, © geG g*Q). 

One easily checks that g*(F_, QJ is an object of Tw(Cm(JG). Such a relation 
between the two categories are called equivalence up to factors (from [7j). If 
two categories are equivalent up to factors, then lots of properties of them 
are the same. For example (classical) generators of the smaller category are 
also (classical) generators of the bigger one. It is also proved by Keller [7] 
that the Hochschild type invariants are isomorphic for these two categories. 

6.6. It is easy to see that O and W restrict to homotopy equivalences 

Tw(Q(Cjvi)tJG) = Tw(CmIJG). 

We can summarize the previous discussion in the following commutative 
diagram. 

x fnrr un Koszul duality 
Tw(0(C]vi)jjGj > Tw(C M tJG) 



inclusion 



inclusion 



^ , r ~,~ n Koszul duality _ , r „ 
Tw([0(C M )/G]) U Tw([C M /G]). 

The vertical inclusions are all equivalences up to factors. 

6.7. Generators. The advantage of the smash product construction is 
that it is clear in this description the object 0(Cm)(JG compactly gener- 
ates the homotopy category of Tw(£2(Cm)JJG). Indeed for an object F G 
Tw(f2(Cjv0tjG) we have 

Hom Tw[a(CM]t)G] (a(C M )ttG,F) = Hom Tw(CM) (0(C M ), F) 

through the inclusion mentioned above. By Corollary 12.301 if the latter is 
acyclic, then the dg-module F is contractible over O(Cm)- Averaging the 
contracting homotopy yields a contraction over Q(Cm)IJG. Hence arguing 
as in Corollary 12.301 shows that the object 0(Cjyi)tJG compactly generates 
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[Tw(£l(Cjvi)jlG)]. As the categories Tw(n(C/vi)t}G) and Tw([£2(Cm)/G]) are 
equivalent up to factors, the object Q(Cjvi)flG (through the inclusion functor) 
also compactly generates the homotopy category of the latter one. 

Apply the Koszul duality functor yields compact generators for the 
homotopy category of Tw([Cjvt/G]). Moreover, one can easily identify the 
generators by observing that the object £l(Cjvi)ttG when considered as ob- 
jects in Tw([0(Cm)/G]) is isomorphic to the direct sum 

© x O(C M )(8)C x 

over the characters of G . Hence its image under W is the direct sum 

© x ¥(n(c M ))^c x . 

Moreover twisting by characters does not change the homology of 0(Cm) x 
and hence Lemma[33]still applies, which proves that the objects W{D.{Cm) x ) 
are all homotopic to matrix cofactorizations of finite rank. By Proposi- 
tion 13.81 the k-linear dual of these cofactorizations yields the following col- 
lection of matrix factorizations: 

|k stab (g> C x [ x is a character for the group G j . 

6.8. Theorem. Let notations be as above and assume that W has isolated 
singularities. Then the category [MF G (R, W)] is classically generated by 
objects of the form k stab (g) C x defined above. 

Proof. It is enough to show that the subcategory [Tw b (CivitJG)] is compact 
in [Tw(CmHG)] in view of Proposition 13.111 For this observe that taking 
cohomology commutes with taking G-invariants and hence for a finite rank 
object E we have 

Hom [Tw(CMaG)] (E,©E i ) := H°(Hom Tw( c MttG ) (H, ®E0) 

= H°(Hom Tw(CM) (E,©E i )) G 

= [©H^HomTwtCM^EO)] 6 
= ©Hom [Tw(CMSG]] (E,E i ). 

Here we have used the fact that E is of finite rank and the group G is 
finite, which implies that E viewed as an object in [Tw(Cm)] is compact by 
Proposition 13.111 □ 
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6.9. Hochschild homology. We argue in the same way as in Section [5j 
Again for the Hochschild homology we need to assume that W has isolated 
singularities. We have 

HH*(MF G (R,W)) = HH*(Tw b ([C M /G])) 

as these two dg categories are opposite to each other by the k-linear dual 
functor D. Since the compact generators V(Q(Cm))<8>C x of Tw([Cm/ G]) lies 
inside Tw b ([C;vi/G]) which is compact under the assumption of W having 
isolated singularities, we have 

HH4Tw b ([C M /G])) = HH,(Tw([C M /G]) c ) = HFUTw(C M »G) c ) 

as these categories are equivalent up to factors. Finally, we invoke the Koszul 
duality of the curved coalgebra CmIJG itself to calculate the Hochschild ho- 
mology of Tw(CjvittG) c . This gives a homotopy equivalence 

Tw(C M tJG) c = Tw(0(C M tlG)) c 

between dg categories. From this homotopy equivalence, we conclude that 

HH4Tw(C M |lG) c ) = HFUTw(0(C M #G)) c ) ^ HH # (0(C M ttG)) 

where the last isomorphism is again by Keller's result. Combining the above 
isomorphisms yields the following isomorphism 

HH,(MF G (R,W)) = HH*(0(C M ttG)). 

Then the same proof as in Section [5] implies the following proposition. 

6.10. Proposition. Let the notations be as above and assume that W has 
isolated singularities. Then we have the following isomorphisms: 

HH*(MF G (R, W)) =HFUTw b ([C M /G])) = HH,(C M tfG); 

HHf M (R w ttG) =HH*(C M ttG) v . 

Remark: Explicit computation of HH BM (RwtlG) has been obtained in [3]. 

7. Graded matrix factorizations 

In this section, we study the category of graded matrix factorizations via 
Koszul duality. The main ideas is the same as in the orbifold case. The 
results obtained are closely related to the work of Orlov |10| (on the relation- 
ship between graded matrix factorizations and derived category of coherent 
sheaves) and Seidel [15] (on the Aoo category of coherent sheaves on Calabi- 
Yau hypersurfaces) . Throughout the section we work over the ground field 
k = C. 
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7.1. Graded matrix factorizations. For a graded commutative ring S 
and a homogeneous curvature element W G R, one can define the dg category 
of graded matrix factorizations MF gr (R, W) (see [1] for a definition). As is 
explained in loc. cit. this category is closely related to certain orbifold 
construction. 

For this we specialize the group G to be Z/dZ. The symmetric algebra 
S := sym(V v ) (non-complete) has a Z-grading by the ordinary polynomial 
degrees which defines a C*-action on the vector space S. We consider the 
G-action on S as the induced representation by embedding the group G into 
C* via 

i + dZ ^ e d 

for Ca := exp(27t\/— 1 / d). Moreover we consider a homogeneous curvature 
element W £ S of polynomial degree d. We will denote by the polynomial 
degree of an element f £ S by |f|. 

Clearly the G-action on S preserves the curvature element W. This 
implies that the G-action in fact acts on the curved algebra Sw Thus we 
can form the smash product curved algebra SwttG. Note that this smash 
product algebra inherits a Z-grading from that of S. The problem is that 
with respect to this grading SwttG does not form a Z- graded curved algebra 
in which the curvature element must be of degree 2. 

7.2. A new Z-grading. To fix this problem we need to introduce a new 
Z-grading on SwttG. Note that the underlying vector space of SwttG is 
S®k[G]. The group algebra k[G] has a special basis coming from characters 
of G. Explicitly we denote by Xi f° r i an integer between [0, d — 1] the 
characters of the group G. They are defined by 

Xi(j + dZ) :=(UP. 

Then the elements 

g£G 

indexed by characters form an orthogonal idempotent basis for the group 
algebra k[G]. Using this basis we can define a new Z-grading on the vector 
space S ® k[G]. The homogeneous elements are of the form 

f®U Xj 

for some homogeneous polynomial f € S. Define an integer i S [0, d — 1] by 

i = j — |f | (mod d). 
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Then the new grading of f <g> U Xj is defined by 

deg(f®U Xj ):=^(|f|-j+i). 

7.3. Relation between Tw£(S w flG) and MF gr (S, W). We mention some 
important properties for this Z-grading on SwtJG. First of all, as promised 
the curvature term WjJ idg has degree 2 with respect to this grading. This 
follows the following expression 

W#id G = ^W®U Xj . 

Xj 

Since |W| = d we have i = j and hence 

deg(W0U Xj ) = ^-|W| = ^-d = 2. 

Secondly the category of Z- graded twisted complexes over SwtJG is closely 
related to the category of graded matrix factorizations. In fact, it is shown 
in [1] that they are equivalent up to factors. (There we considered SwtJG as 
a category, then the twist construction would yields in fact an equivalence. 
Here we prefer to consider SwtJG as a curved algebra.) Namely, there is an 
inclusion 

Tw|(S w tJG) MF gr (S,W) 
which is fully faithful and an equivalence up to factors. 

7.4. Dualizing. Next we dualize the Z-graded curved algebra to consider 
a Z-graded curved coalgebra CjyitJG where C is the symmetric coalgebra 
sym(V). We denote the polynomial degree for a homogeneous f G sym(V) by 
|f|. If we identify the vector space C/vitJG with C(Jk[G], then the homogeneous 
elements in CmUG are of the form 

f®U Xj 

and the degree of it is given by 

deg(f®U Xj ) : =-_(|f|_j+i) 
for the same i as defined above. 
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7.5. With respect to this Z-grading the map M : C — > k has degree 2. 
Hence it forms a Z-graded curved coalgebra. When forming the category 
Tw z (CjviJ|G) we do not want to allow arbitrary arbitrary coalgebra maps 
but only the direct sums of the homogeneous ones. We introduce a notation 
to deal with such situations. Let E be a vector space with a C*-action, we 
denote by E gr the vector space defined by 

E gr := 0Ei 

where E^ is the subspace of E on which C* acts by A\ With this notation 
we have 

Hom Twz(CMttG) (-,-) := [Hom Tw(CMttG) (-,-)] gr . 
Then the Z-graded k-linear dual operation D defines an equivalence 

Tw z (C M »G)°P = Tw z (S w JiG) 

between dg categories. 

7.6. Z-graded Koszul duality. From the above discussion, we would like 
to understand the curved Koszul duality for the Z-graded curved coalgebra 
CjvitJG. Motivated by the discussion in the orbifold case, we consider the 
algebra Q(Civi)jJG. We define a Z-grading on 0(Cjvi)ttG as follows. The 
homogeneous elements are of the form 

[h\---\h]®U x . 

for some character %) of the group G. Its degree is defined by 
deg([fi | • • • |f k ] ® U Xj ) := |f v | - ) + i) + k 

where the integer i € [0, d — 1] is defined by 

i = j — ^ |f;| (mod d). 
i 

7.7. Define the Z-graded Koszul duality functors by the same formula as 
before 

E G Tw z (C M tlG) A n(C) T E and 
F G Tw z (a(C M )tiG) & C® T E 
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The degrees on ®(E) can be denned by 

2 k 

deg([f 1 1 • • • |f k ] ® f ® U Xj ) := -^(^ ^ ~ J + l ) + k 

1=0 

where the integer i G [0, d — 1] is defined by 

k 

i = j-2jfil (modd). 

1=0 

Similar one can also define degrees for ^(F). With respect to these gradings 
the twisted differentials on O(E) or W(F) have degree one. Moreover it is 
easy to see that O and W are homotopy equivalences by observing that 
the homotopy equivalences used in the proof of Theorem 12.161 respects this 
grading (the homotopies are of degree —1). 

7.8. Theorem. The functors O and W are homotopy inverses between dg 
categories 

Tw z (a(C M )ttG) =Tw z (C M ttG). 

7.9. Generators. We assume that W has isolated singularities from now 
on. One can argue in the same way as in the orbifold case that D-(C;vOt}G 
compactly generates [Twz(£l(CjvOtiG)]. Through the Z-graded Koszul du- 
ality functor, W(Q.{Cm)$G) defines a compact generator for [Twz(CjvitJG)]. 
The same proof as in Section [3] shows that the object V(Q(Cm)|}G) in fact 
is homotopic to an object in Tw z (Cm)JG). Thus its k-linear graded dual 
object in MF gr (S,W) makes sense. 

To identify this object we consider the natural forgetful functor from 
Twz(CjvijJG) to Tw(CmHG). Note that this is well-defined as the new Z- 
grading on CjvtjjG is in 2Z and hence its reduction modulo 2 reduces to the 
curved coalgebra CmHG. Using the forgetful functor we see that as matrix 
factorizations the object D 1 F(D.(C(vi)tJG) is given by 

edc stab ^ X i- 

Through the correspondence 

Tw z (R w tfG) ^ MF gr (S,W) 

defined in [3], twisting by characters Xi corresponds to twisting (j) of ordi- 
nary graded S-modules. Hence if we assume any lifting of the Z- grading on 
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k stab , we conclude that the object DY(n(C M )) in the category MF gr (S,W) 
given by the direct sum of the objects 

k stab (d-1),k stab (d-2),--- ,k stab . 

7.10. Theorem. Let notations be as above and assume that W has iso- 
lated singularities. Then the above collection of objects classically generates 
[MF gr (R, W)]. 

Proof. For this it is enough to prove that the category Tw^CjvijJG) is 
compact in Twz(CjvittG) which follows from the fact that taking cohomology 
of a differential of Z-degree 1 commutes with both taking G-invariants and 
the operation — i— > — gr . □ 

Remark: In the CY situation, i.e. when dim(S) = d = deg(W) this col- 
lection of generators is in fact well-know in algebraic geometry. They corre- 
spond to the collection 

<?x,^xO),-- - ,^x(d-1) 

on the CY hypersurface defined by the equation W via CY/LG correspon- 
dence. 

7.11. Minimal model algebras. The homology of the dg algebra 
£l(CjvOtJG is easily seen to be A*(V)JJG. This latter notation is slightly 
misleading because we did not mean the smash product algebra. It is simply 
the smash product vector space. The presence of the curvature term puts 
Aqo structure on A*(V)JjG via homotopy transfer property. 

However this computation quickly gets complicated. The author has not 
been able to describe it even in the case of elliptic curves. We mention two 
closely related results in these directions. In an unpublished notes [15], Seidel 
has obtained the above picture for an Aoo structure on A*(V)(JG via quite 
different methods. Explicit calculations for structures on elliptic curves 
have been obtained by Polishchuk in [1 1 J , again through other methods. In 
latter case even the underlying vector space is different. 

7.12. Hochschild homology. In the graded case, the Hochschild homol- 
ogy of the dg category MF gr (S,W) can also be related with the Borel-Moore 
Hochschild homology of a curved algebra. The proof is the same as the 
orbifold case except that we use graded k- linear dualizing functor. We omit 
the proof here. The precise results are stated in the following proposition. 



42 



7.13. Proposition. Let the notations be as above and assume that W has 
isolated singularities. Then we have the following isomorphisms: 

HH,(MF r (S,W)) =HH,(Tw^([C M /G])) =HH,(C M ttG); 
HHf M (S w »G) = HH*(C M ftG) v 

where the v denotes the graded dual operation. 

Remark: Again the groups HH^ M (Swt)G) has been computed in [3] via 
certain localization formula. What's new here is the existence of a Z-grading 
on these homology groups. In the Calabi-Yau situation, the dg version of 
CY/LG correspondence shows that this computation provides an alternative 
way to compute the Hochschild homology of CY hyper surf aces. 

A. Curved homological perturbation lemma 

In this appendix we recall the homological perturbation technique as studied 
in [3] . Then we prove that the homological perturbation lemma remains true 
when curvatures are presented. This is useful to study homotopy between 
precomplexes. 

We will work over a fixed k-linear category over a ground field k. For 
the purposes of this paper, we are primarily concerned with the category of 
twisted complexes Tw(B) over some coalgebra B. 

A.l. Deformation retractions. The homological perturbation technique 
deals with perturbations of homotopy equivalences. Let (L, b) and (M, d) be 
two complexes. Consider a special type of homotopy equivalence — defor- 
mation retractions between them. Explicitly this means maps of complexes 

i : (L, b) -> (M, d) and p : (M, d) -> (L, b) 

such that 

p o i = idi_ . 

Moreover there is a homotopy H between top and idjvt: 

iop = id+dH + Hd. 

The data (i,p,H) is then called a deformation retraction. If in additional 
these maps also satisfy 

Hi = 0, pH = 0, and H 2 = 0, (1) 
Then it is called a special homotopy retraction. 
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A. 2. Perturbations. A perturbation of the complex (M, d) is an odd map 

5 : M — > M such that (d + 5) 2 = 0. Following the terminologies in [3], we 
call 5 small if (id— 5H) is invertible. For a small perturbation 6, define the 
operator 

A:= (id-6H) -1 6 

and define the perturbed homotopy retraction operators by 

b! := b + pAi, i] := i + HAi, pi := p + pAH, Hi := H + HAH. (2) 

Homological perturbation lemma states that the data (ii,pi,Hi) defines a 
new special deformation retraction between the perturbed complexes (L, bi ) 
and (M, d+5). This simple lemma plays an important role in the homotopy 
theory of algebras. 

A. 3. Curved homological perturbation lemma. Next we state and 
prove a curved version of the homological perturbation lemma. Namely we 
assume the same initial conditions for i, p, H. But for the perturbation, we 
do not assume that (d + 6) 2 = 0. Instead we assume that that 

(d + 5) 2 lies in the center of the algebra End(M). 

We denote this central element by F £ End(M) and call 8 a curved pertur- 
bation. Note that here End is taken inside a pre-fixed linear category. 

The differential di := d+5 no longer squares to zero but lies in the center 
of End(JVl). The data (M, di ) is called a precomplex. It is easy to see that the 
category of precomplexes also form a dg category. Hence one can speak of the 
homotopy between precomplexes. What curved homological perturbation 
achieves is the fact one can obtain a homotopy between precomplexes by 
perturbing ordinary complexes. The main result of this appendix is the 
following lemma. 

A. 4. Lemma. (Curved homological perturbation lemma.) For a special 
homotopy retraction data (i, p,H) and a curved perturbation 5, the for- 
mula [2| defines a new special homotopy retract between the precomplexes 
(L, bi ) and (M, di ). Explicitly we have 

• (L, bi ) is a precomplex; 

• di o ii = ii o bi (i] is a map of precomplexes); 

• bi o pi = pi o di (pi is a map of precomplexes); 

• pi o ii = idj_ and ii o pi = idjvi +di Hi + Hi di (homotopy retract); 

• Hi o ^ = 0,pi o Hi = and H 2 = (specialness). 
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A. 5. The proof is analogous to the proof of the ordinary perturbation lemma 
in [3]. We basically only need to check the above formulas with a weaker 
condition that F is in the center (weaker as is in the center). We begin 
with the following lemma. 

A. 6. Lemma. We have 

• 5HA = AH5 = A — 5; 

• (id-51-l)- 1 = id+AH and (id-H5)- 1 = id+HA; 

• AipA + Ad + dA = F + FAH + FHA. 

Proof. The first two equations are direct computations and is the same as 
in [3]. For the last one, we have 

AipA + Ad + dA = A(id +dH + Hd)A + Ad + dA 
= A 2 + AdHA + AHdA + Ad + dA 
= A 2 + Ad(HA + id) + (AH + id)dA 
= A 2 + Ad(id -HSr 1 + (id -6H)" 1 dA 

= (id -5H)- 1 [(id -5H)A 2 (id -H5) + (id — 5H)Ad + dA(id -H5)](id -H8)- 1 
= (id-5H)- 1 [5 2 + 5d+d5](id-H5)-l 
= F(id-6Hr 1 (id-H5r 1 
= F(id +AH)(id +HA) 
= F + FAH + FHA. □ 

A. 7. With these preparations, the proof of the main lemma follows easily 
as an extension of the case without curvature. We have 

bf = (b +pAi)(b + pAt) 

= bpAi + pAlb + p(AipA)i 

= bpAi + pAtb + p(F + FAH + FHA - Ad - dA)t 

= pFi + pFAHi + pFHAl 

= pFi + pFAHi + pHFAi (F is central) 

= pFi (specialness) . 

Thus b 2 is simply the restriction of F on its subspace L (via i and p). And 
hence it is in the center of End(L). This proves the first assertion that (L, bi ) 
is a precomplex. 
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A. 8. To check that ii is a map of precomplexes, we have 

XTt*! — (d + 5)i n = (i + HAi)(b + pAi) - (d + 5)(i + HAi) 

= ib + ipAi + HAib + H(AipA)i - di - dHAi - 6i - 6HAi 
= ipAi + HAib + H(F + FAH + FHA - dA - Ad)i - dHAi 

-51- (A -5)1 
= ipAi - HdAi - dHAi - Ai + HFi + HFAHi + HFHAi 
= (ip - Hd - dH - id)Ai + HFI + HFAHi + HFHAI 
= FHi + HFAHi + FHHAi 
= (by specialness and F is central) . 

A. 9. Similarly we check that pi is map of precomplexes: 

b lPl - Pl (d + 6) = (b + pAi)(p + pAH) - (p + pAH)(d + 6) 
= bpAH + pAlp + p(AipA)H - p5 - pAHd - p(AH5) 
= bpAH + pAip - p(Ad + dA)H + p(F + FAH + FHA)H 
-p5-pAHd-p(A-5) 

= pAlp - pAdH - pAHd - pA + pFH + pFAHH + pFHAH 
= pFH + pFAHH + pFHAH 

= (by specialness and F is central) . 

A. 10. To show that the data forms a deformation retraction, we have 

Plil = (p+pAH)(i + HAi) 

= pl + pHAi + pAHi + pAHHAi 

= id (by specialness) . 

A.ll. In the reversed direction, we have 

id+H]di + diH] -iipi = 

= id+(H + HAH)(d + 6) + (d + 5)(H + HAH) - (i + HAi) (p + pAH) 
= H5 + HAHd + H(AH5) + 5H + dHAd + (5HA)H 

- ipAH - HAip - H(AipA)H 

= H5 + HAHd + H(A - 5) + 5H + dHAd + (A - 6)H 

- ipAH - HAip + H(Ad + dA)H - H(F + FAH + FHA)H 
= HA(Hd + id +dH - ip) + (dH + id -ip + Hd)AH 

- HFH - HFAHH - HFHAH 

= (again by specialness and F is central) . 
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A. 12. Thus we have shown that (ii , pi , Hi ) forms a deformation retraction. 
It still remains to show that it is special. This is again a computation: 



Ht oi, = (H + HAH) (i + HAi) 

= Hi + HHAi + HAHi + HAHHAi 

= 0; 

p 1 oH, = (p + pAH) (H + HAH) 

= pH + pHAH + pAHH + pAHHAH 

= 0; 

Hi o Hi = (H + HAH)(H + HAH) 

= HH + HAHH + HHAH + HAHHAH 
= 0. 

Thus the lemma is proved. □ 

B. Hodge theory on the cobar complex 

In this appendix we study the cobar construction O(C) of the coalgebra C = 
sym(V). Motivated from the classical Hodge theory of elliptic complexes, we 
construct a Green's operator on O(C) with which one can easily write down 
a homotopy H between O(C) and its cohomology. Such homotopy is by 
construction 0(V)-invariant. 

B.l. The coalgebra C. We first recall the coalgebra structure on C = 
sym(V). We explicitly write the coproduct using a basis (ei, ez, ■ ■ ■ , ea) of 
the vector space V. Let (f i , f2, • • • , fd) be the dual basis for V*. These 
gives basis (e^ 1 •••e^ d ) for the vector space sym(V). We call these terms 
monomials. To simplify the notation, let K := (ki,--- , k^) be multi-index 
and denote by e K the corresponding monomial. The degree of a multi-index 
is defined by 

d 
v=1 

Using these notations, the coproduct is given by 

A(e K )= Y_ eI ^ eJ - 

(I,J)H+J=K 
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Clearly the coproduct A is the k-linear dual of the ordinary product of 
polynomials, 

fl ® fJ ^ fl+J. 

B.2. The cobar algebra of C. The cobar construction 0(sym(V)) (see 
Section [2]) is a dg algebra, and hence in particular a complex of vector spaces. 
We denote the differential on Q(sym(V)) by d. 

On the other hand, C = sym(V) is also a commutative algebra, the bar 
construction B(sym(V)) is a dg coalgebra which as a vector space is the 
same as O(symV). The dg structure hence defines another differential on 
the same graded vector space. We denote this differential by d*. 

B.3. Metrics. Our notation indicates that d and d* are adjoint operators 
on O(C) (from now on, we denote by O(C) the underlying vector space). 
To state this property precisely, we need to define a metric on 12(C). 

Observe that there are several gradings on the vector space O(C). We 
have the grading by the number of tensor component. We also have the 
grading by the degree of polynomials. The differential d increases the tensor 
degree and preserves the polynomial degree. The differential d* decreases 
the tensor degree and also preserves the polynomial degree. 

Hence for a fixed positive integer N, we denote the subspace in 12(C) 
of polynomial degree N by Q N (C). Note that in the cobar construction we 
removed the scalar part of C, this implies that the vector space Q N (C) is 
finite dimensional. Moreover the previous discussion on degrees shows that 
both operators d and d* restrict to £2 N (C). 

The choice of a basis (ei , • • • , e^) endows a canonical metric structure on 
Q N (C) by requiring that the canonical basis of £2 N (C) formed by (e Kl [ • • • |e Kl ) 
such that Kj are multi-index with 

i 

JJK,| = N 

H 

is orthonormal. 

B.4. Lemma. With the metric on O n (C) defined as above, the operators 
d and d* are adjoint operators. 

Proof. It suffice to prove this for the coproduct map and product map itself. 
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For that, we have 

(d(e K ),eV) = Y_ (e R |e s ,e I |e J ) 

(R,S)|R+S=K 

Y_ 8 I=R,J=S 
(R,S)|R+S=K 

= 6l+J=K- 

On the other hand, we have 

<e K ,d*(e I |e I )> = (e K ,e I+ >> 
= Si+j=k- 

Thus the lemma is proved. □ 

B.5. Hodge theory on D_(C). Hence we can form the Hodge Laplacian 
operator 

□ := d o d* + d* o d. 

Elements in the kernel of □ are called harmonic. The subspace of harmonic 
elements in O n (C) is denoted by H N . 

The complex (0 N (C),d) is graded by the tensor grading. Denote by 
the component of tensor degree I by n™(C). And the space of harmonic 
elements of tensor degree I in D N (C) is denoted by Hf. 

The Hodge decomposition property can be proved in the same way as 
in the usual Hodge theory on manifolds since the space O n (C) is finite 
dimensional, Fredholm property is trivially satisfied. 

B.6. Theorem. We have the following orthogonal Hodge decomposition 
for (C): 

a l N (C) = Hf , ©lm(d)elm(d*). 

As a consequence of the above decomposition, we have an isomorphism 

H l (0 N (C),d) =H^. 

In other words, every cohomology class admits a unique harmonic represen- 
tative. 

Proof. It is easy to verify if x is harmonic, then dx = and d*x = 0. 
It follows that the subspaces is orthogonal to lm(d) and lm(d*). For 
instance, we have 

(x,dy) = (d*x,y) = 0. 
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The two subspaces lm(d) and lm(d*) are also orthogonal as d and d* are 
differentials (square to zero). Hence the image of □ is perpendicular to 
harmonic elements. So the map 

□ :(H[y ^(H[V, 

being an endomorphism of finite dimensional vector spaces with zero kernel, 
is an isomorphism. Hence in particular it is surjective. It follows that 
(H^)- 1 = lm(d) + lm(d*). Moreover these subspaces are also perpendicular, 
thus it is a direct sum decomposition. Hence the Hodge decomposition is 
proved. For the second part, let [x] be a cohomology class that is represented 
by x € 0^(0). So we have 

dx = 0. 

Moreover from the Hodge decomposition, we can assume that 

x = xh + dy + d*z. 

Then we have 

dx = dd*z = 0, 
which implies that d*z = by adjoint property. And hence 

x = x H + dy, 

which shows that every cohomology class can be represented by some har- 
monic element. The uniqueness follows from the fact the space is per- 
pendicular to lm(d) and hence their intersection is trivial. □ 

B.7. A homotopy of 12(C). It is well known that for the coalgebra C = 
sym(V), the cohomology of the cobar complex O(C) is the exterior algebra 
A(V). In fact, there is a quasi-isomorphism of complexes 

p:(Q(C),d)->(A(V),0) 

defined by the canonical quotient map from the tensor algebra to the exterior 
algebra. In fact, this is a map of dg algebras (hence the dg algebra O(C) is 
formal) . 

However we need to consider another map in the reverse direction. Let 
us assume that k has characteristic zero. Consider the anti-symmetrization 
map 

i:(A(V),0)->(n(C),d) 
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defined by 

vi A-'-Vjc A — ^(-1) a v a (l)|---|va(k)- 

a 

This map splits the canonical quotient map and hence is also a quasi- 
isomorphism of complexes. Moreover lm(i) is in fact harmonic. As d* 
involves applying symmetric products of sym(V) which vanishes on anti- 
symmetric tensors. 

Define the Green's operator G : fl(C) — > C1(C) to be the zero operator 
on the harmonic subspace H(C), and the inverse of the Laplacian operator 

□ on the orthogonal complement of H(C). Note that this is well-defined as 

□ is invertible on the complement. 

B.8. Theorem. Let the notations be as above. Then the image ofi is the 
harmonic space H(C). And the image of the projection operator id — iop is 
the orthogonal complement of H(C). Define the homotopy operator 

H := -d* o G 

where G is the Green's operator defined as above. Then we have 

iop = id+dH + Hd. 

If fact, the data (i,p,H) defines a special homotopy retraction (see the 
Appendix^). 

Proof. First, it is easy to see the image of i is inside H(C) by a direct 
calculation that 

d o i = 0, and d* o i = 0. 

Moreover, by the Hodge decomposition IB. 61 and the fact that i is a quasi- 
isomorphism, we know that the image of i is the whole space H(C). Next 
we show that lm(id — i o p) is orthogonal to H(C). We have 

(eil---|e k ,^(-l) ff e a(1) |---|e a(k) ) = l 

and 

LH )%oj| ■ • • le, M , £(-1 ) ff e„ m | • • • \e m ) =1 f 

= 1. 
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Thus the orthogonality follows. For the last identity, let i(x) be a harmonic 
elements, we have 

i op(i(x)) = i(x), and 
(id +dH + Hd)(i(x)) = i(x) - dd*G(i(x)) - d*dG(i(x)) 
= i(x). 

For an element y in the orthogonal complement of H(C), we have 

(id-iop)(-y) =y, and 
(dH + Hd)(y) = -dd*G(y) - d*Gd(y) 

= -dd*G(y) - d*dG(y) (d commutes with G) 

= -(D)(D)- 1 (y) 
= -y- 

The identity is proved. Finally we check that the homotopy H is special. 
The identity H o i = is by definition of G . The identity poH = follows 
from the fact the the image of d* is orthogonal to H(C). And H squares to 
zero as G commutes with d* and d* squares to zero. □ 

B.9. An example. Let V be the one dimensional vector space spanned by 
x. Then one easily checks that the Green's operator G on C1{C) is given by 



x *i I . . . | x Hc i } . _x l i I • • • |x lk . 



ii H 1- i]c — 1 

Hence the homotopy operator in this case is given by 

k-1 

H(x l '|---|x ik ) := : -x i '|---|x i i +i i +1 

^7 ii + • ■ • + tit - 1 
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